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Signiﬁcant progress has been made in understanding and mod-
eling the micromechanics of ductile fracture in porous polycrystal-
line metallic materials. Most of the available theories of
dilatational plasticity and viscoplasticity make use of the assump-
tion that the matrix (void-free material) is described by the von
Mises yield criterion. This is the case, for example, of the classical
Gurson (1977) model and its various extensions proposed by
Tvergaard (1981), Tvergaard and Needleman (1984), Gologanu
et al. (1993), Monchiet et al. (2011) among others. In particular,
the modiﬁed Gurson model, known as Gurson–Tvergaard–Needle-
man (GTN) model reproduces qualitatively the essential features of
tensile fracture of axisymmetric specimens (e.g. Tvergaard and
Needleman, 1984; Koplik and Needleman, 1988). All the above
models involve dependence only with the mean stress and the
von Mises effective stress. However, theoretical studies have re-
vealed that triaxiality alone is insufﬁcient to characterize impor-
tant growth and coalescence features even for axisymmetric
stress states (e.g. Ponte Castañeda and Suquet, 1998 for weakly
contrasted materials, Danas et al., 2008, who applied the second-
order method of Ponte Castaneda, 2002 to the case of a porous
von Mises material). Further evidence of combined effects of the
mean stress and third invariant on yielding of porous solids with
von Mises matrix were also provided using ﬁnite-element (FE) cell
calculations (e.g. Cazacu and Stewart, 2009; Julien et al., 2011;
Thore et al., 2011, etc.). Very recently, Cazacu et al. (2013) devel-oped an analytic yield criterion that captures the aforementioned
trends under axisymmetric stress states, namely the centro-sym-
metry of the yield surface and the role of the sign of the third-
invariant on the rate of void growth (see Alves et al., 2013).
As concerns the ductile response of porous metals under shear
dominated loadings (at low triaxialities), in the past couple of
years, growing experimental evidence has shown the role played
by all stress invariants. In particular, the inﬂuence of the Lode
parameter has been well documented (e.g. recent data reported
by Bao and Wierzbicki (2004), Barsoun and Faleskog (2007), Hal-
tom et al. (2013) and Lou and Huh (2013), etc.). This dependence
has also been investigated from theoretical /computational stand-
points (e.g. Nashon and Hutchinson, 2008; Tvergaard, 2009; Tverg-
aard and Nielsen, 2010; Stoughton and Yoon, 2011, etc.).
Since in all the above studies, the fully-dense material is de-
scribed by the von Mises yield criterion, the effects of the third-
invariant of the stress deviator on the dilatational response of
the porous solid are due solely to the presence of voids. Cazacu
and Stewart (2009) developed an analytical potential for porous
solids for which the matrix is incompressible but displays ten-
sion–compression asymmetry (e.g. hcp porous solids). Speciﬁcally,
the yield criterion used for the matrix is an odd function of the
stress deviator and involves dependence on its two invariants. It
was shown that the yield surface of the porous solid does not dis-
play any symmetries with respect to the deviatoric and hydrostatic
axes, respectively (see also Lebensohn and Cazacu, 2012).
In this paper, the main focus is on investigating the dilatational
response of porous solids with matrix governed by Tresca’s yield
criterion, which is an even function of the stress deviator and in-
volves both invariants. Such a study is also of interest in view of
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materials Tresca yield criterion describes better the plastic re-
sponse than von Mises criterion (e.g. annealed aluminum data re-
ported by Vial-Edwards (1997); for a historical survey on early
experimental work on mild steel tubes subjected to complex load-
ing paths such as torsion and bending, torsion–compression, and
torsion–tension tests the readers are referred to Michno and Find-
ley (1976)). The maximum shear stress criterion of Tresca is also
considered to be more physically-motivated because it is an isotro-
pic form of the Schmid law describing slip at single-crystal level
(for example, see Hughes, 1984). However, for most untextured
metallic materials the yield locus is between that of Tresca’s and
von Mises (e.g. see Drucker, 1949) with von Mises criterion usually
found more accurate, and this is why it is mostly applied.
Tresca’s yield criterion postulates that in an isotropic metallic
material the onset of plastic deformation occurs when the maxi-
mum shear stress over all planes in the material reaches a certain
critical value. This criterion is generally represented as:
uðrÞ ¼ rT ;
with
uðrÞ ¼maxðjr1  r2j; jr2  r3j; jr1  r3jÞ: ð1Þ
In Eq. (1), r1, r2, and r3, are the principal values of the Cauchy
stress tensor, r, and rT is the uniaxial yield in tension (see Lubliner,
2008). It may alternatively be written in terms of the invariants of
the Cauchy stress deviator, r0, deﬁned as: r0 ¼ r rmI; with I
being the 2nd order identity tensor and rm = tr(r)/
3 = (r1 + r2 + r3)/3 denoting the mean stress. Since isotropy dic-
tates three fold symmetry of the yield surface, it is sufﬁcient to give
the expression of Tresca’s criterion for stress states corresponding
to the sextant r1 P r2 P r3, i.e.
r1  r3 ¼ rT ;
or, equivalently
2
ﬃﬃﬃﬃ
J2
p
cos
p
6
 b
 
¼ rT : ð2Þ
In the above equation, b is the Lode angle satisfying 0 6 b 6 p=3
and whose cosine is: cosð3bÞ ¼ J32 3J2
 3
2
while J2 and J3 are the second
and third invariants of the stress deviator r0 (see also Malvern,
1969).
Since Tresca’s criterion involves both the second and third-
invariants of the Cauchy stress deviator (see Eq. (2)), yielding, plas-
tic ﬂow, and strength of a porous polycrystal containing randomly
distributed spherical voids in a matrix governed by Tresca’s crite-
rion ought to incorporate all three invariants of stress. One of the
major objectives of this paper is to derive such an yield criterion
using rigorous limit-analysis theorems.
It is to be noted that a major difﬁculty in deriving such a crite-
rion in closed-form is related to the calculation of the overall plas-
tic dissipation. This is a direct consequence of Tresca’s criterion
involving a dependence on the third invariant of the stress devia-
tor. Indeed, in contrast with the case when the matrix is described
by the von Mises criterion, mathematical difﬁculties arise in the
analysis because the expression of the local plastic dissipation de-
pends on the sign of each of the principal values of the local strain
rate tensor. It is shown that, despite these fresh difﬁculties associ-
ated with the calculation of the local plastic dissipation, all the
integrals representing the overall plastic dissipation can be calcu-
lated analytically. The main result of this work, an explicit para-
metric representation of the yield surface for porous solids with
randomly distributed spherical voids in a Tresca matrix is pre-
sented in Section 2.2. New and unexpected results are revealed;
namely, that yielding of a porous solid with Tresca matrix shouldinvolve a very speciﬁc coupling between the mean stress and the
third-invariant of the stress deviator. It is worth noting that this
coupling is not postulated but it results from the analysis, which
is based on rigorous upscaling techniques Moreover, axisymmetric
ﬁnite-element (FE) cell calculations are conducted in order to gen-
erate numerical yield surfaces for a porous material with matrix’s
response described by Tresca yield criterion (Section 3). These
numerical results also reveal the same coupling between the mean
stress and the third invariant, which induces a lack of symmetry of
the yield surface for stress-triaxialities different from 0 and ±1.
Currently, when calculating the effective response of porous solids
with von Mises matrix, coupling between deviatoric and mean
stress effects are neglected. In Section 4, we examine the conse-
quences of adopting this approximation in the case of a Tresca ma-
trix. The results obtained show that it amounts to erasing the
speciﬁcities of the plastic ﬂow of the matrix.
2. Derivation of the analytic yield criterion
2.1. Kinematic homogenization approach
We begin by brieﬂy presenting the kinematic homogenization
approach based on Hill–Mandel (Hill, 1967; Mandel, 1972) lemma
that will be used to derive the closed-form expressions for the
yield criterion of a porous solid with matrix obeying Tresca’s crite-
rion. Let X denote a representative volume element composed of a
homogeneous rigid-plastic matrix and a traction-free void. If the
matrix material is described by a convex yield function u(r) in
the stress space and an associated ﬂow rule:
d ¼ _k @u
@r
: ð3Þ
The plastic dissipation potential of the matrix is then deﬁned
as
pðdÞ ¼ sup
r2C
ðr : dÞ: ð4Þ
In the above equations, r is the Cauchy stress tensor,
d ¼ ðrv þrvTÞ=2 is the strain rate tensor with v being the veloc-
ity ﬁeld; ‘‘:’’ denotes the double-contracted product of the two ten-
sors, _kP 0 is the plastic multiplier rate while C denotes the convex
domain delimited by the yield surface, i.e.
C ¼ frjuðrÞ 6 0g:
For uniform strain rate boundary conditions on @X such that
v ¼ D  x; for any x 2 @X; ð5Þ
with D the overall strain rate tensor, Hill–Mandel (Hill, 1967;
Mandel, 1972) lemma applies:
hr : diX ¼ R : D; ð6Þ
In the above equation, h i denotes the average value over the
representative volume X, D is the overall strain rate tensor, and
R ¼ hriX. Moreover, there exists a macroscopic strain rate potential
P ¼ PðDÞ, where
PðDÞ ¼ inf
d2KðDÞ
hpðdÞiX and R ¼
@PðDÞ
@D
ð7Þ
(for more details, see Talbot and Willis, 1985). In Eq. (7), K(D) de-
notes the set of incompressible velocity ﬁelds satisfying condition
(5) (for more details, see for example, Michel and Suquet, 1992;
Leblond, 2003; Garajeu and Suquet, 1997). This lemma will be
further used to derive the plastic potential of a porous solid, with
rigid-plastic matrix obeying Tresca yield function (i.e. u(r) given
by Eq. (1)). Since u(r) is homogeneous of degree one in stresses,
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corresponding to Tresca’s criterion takes the form (see Lubliner,
2008):
pðdÞ ¼ _k @u
@r
: r ¼ rT
2
ðjdIj þ jdIIj þ jdIIIjÞ; ð8Þ
where _k is the plastic multiplier while dI, dII, dIII are the principal
values of the local strain rate d. It is worth noting that since Tresca’s
yield criterion (1) is an even function in stresses, the local plastic
dissipation p(d) is an even function of the local strain rate tensor
d. By Eq. (7), it follows that the exact macroscopic strain rate poten-
tial of the porous aggregate, P ¼ PðDÞ; is also an even function of
the macroscopic strain rate tensor D and that the macroscopic yield
function of the porous aggregate, which is deﬁned as
FðRÞ ¼ sup
D
½R : DPðDÞ ð9Þ
is also an even function. Indeed,
FðRÞ ¼ sup
D
½R : DPðDÞ ¼ sup
D
½R : ðDÞ PðDÞ ¼ FðRÞ:
ð10Þ
Because the voids are spherical and randomly distributed in the
matrix, the exact macroscopic yield function of the porous solid,
F(R), ought to be isotropic. By the usual arguments based on theo-
rems of representation of scalar isotropic functions (e.g. Boehler,
1987), it follows that F(R) should depend on the stress tensor R
only through its invariants, i.e. the mean stress, the second and
the third-invariant of the stress deviator, respectively, i.e.
FðRÞ ¼ F Rm;Re; JR3
 
;
where Rm ¼ trðRÞ=3; Re ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
3ðR0ijR0ijÞ=2
q
¼
ﬃﬃﬃﬃﬃﬃﬃ
3JR2
q
and
JR3 ¼ trðR0Þ
3
=3, with R0 being the stress deviator. Since FðRÞ is an
even function, it follows that
F Rm;Re; J
R
3
 
¼ F Rm;Re;JR3
 
; ð11Þ
which means that the yield surface of the porous solid has the fol-
lowing remarkable symmetry properties :
Rm JR3>0; Rm60
 ¼ Rm JR3<0; RmP0

Re JR3>0; Rm60
 ¼ Re JR3<0; RmP0
 ð12Þ
Furthermore, only for purely hydrostatic loading (R0 = 0), the
yield locus is symmetric with respect to the axis Rm = 0.
2.2. Parametric representation of the yield surface of the porous solid
with Tresca matrix for axisymmetric stress states
The porous solid is supposed to contain randomly distributed
spherical voids, hence a representative volume element (RVE) is
a hollow sphere of inner radius, a, and outer radius, b = a f1/3,
where f denotes the void volume fraction (or porosity). Let us ﬁrst
note that due to the dependence of Tresca’s criterion on both the
second and third invariants of the stress deviator (see Eq. (2)), it
is possible to analytically estimate the local plastic dissipation
p(d) (see Eq. (8)) only for axisymmetric macroscopic states. As a
consequence, any dependence of the macroscopic response of the
porous solid on JR3 is only through its sign.
The overall strain rate D is then considered to be of the form:
D ¼ D11ðe1  e1 þ e2  e2Þ þ D33ðe3  e3Þ: ð13Þ
where (e1,e2,e3) are the unit vectors of a Cartesian coordinate
system.
We will conduct kinematical limit analysis for both tensile and
compressive axisymmetric states using the incompressible localvelocity ﬁeld v compatible with uniform strain rate boundary con-
ditions that was proposed by Rice and Tracey (1969) and further
used by Gurson (1977):
v ¼ ðb3=r2ÞDmer þ D0x; ð14Þ
where Dm ¼ ð2D11 þ D33Þ=3 whileD0 is the deviator ofD. It can be eas-
ily shown that the term vv ¼ ðb3=r2ÞDmer , which describes the expan-
sion of the cavity, is the exact solution of the problem of a hollow
sphere obeying Tresca’s criterion and subjected to hydrostatic loading.
Let us denote by P+(D) the macroscopic plastic dissipation cor-
responding to the velocity ﬁeld v given by Eq. (14); i.e.
PþðDÞ ¼ 1
V
Z
X
pðdÞdX ¼ rT
2V
Z
X
jdIj þ jdIIj þ jdIIIjð ÞdX; ð15Þ
where dI, dII, dIII are the principal values of the local strain rate d
corresponding to the velocity ﬁeld v given by Eq. (14) while
V ¼ 4pb3=3 is the volume of the hollow sphere. By Eq. (7), PþðDÞ
is an upper-bound estimate of PðDÞ; the exact plastic potential of
the porous solid. The macroscopic stresses associated with PþðDÞ
are then given by:
Rm ¼ 13
@Pþ
@Dm
and Re ¼ @P
þ
@De

; ð16Þ
where De ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2D0ijD
0
ij=3
q
¼ 2jD011j is the macroscopic equivalent strain
rate. Equations (16) deﬁne an upper-bound of the exact yield locus
of the porous solid: FðRÞ ¼ 0.
Note that a major difﬁculty in obtaining a closed-form expres-
sion of the criterion (16) is the calculation of the integral repre-
senting P+(D). This is a direct consequence of the plastic
response of the matrix being dependent on the third invariant of
the stress deviator. Indeed, in contrast to the case when the matrix
is described by von Mises criterion, fresh difﬁculties arise in the
analysis due to the fact that the expression of the local plastic dis-
sipation p(d) depends on the sign of each of the principal values of
the local strain rate tensor, d (see Eq. (8)). The principal values
(unordered) of d corresponding to Rice and Tracey’s velocity ﬁeld
v given by Eq. (14) are:
dI ¼D011þDm b=rð Þ3
dII ¼dI=2þ3=2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
D0211þD2m b=rð Þ6þ2D011Dm b=rð Þ3 cos2h
q
dIII ¼dI=23=2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
D0211þD2m b=rð Þ6þ2D011Dm b=rð Þ3 cos2h
q ; a6 r6 b; 06 h6p:
ð17Þ
It is worth noting that given the symmetry properties of the ap-
plied macroscopic strain rate tensor D (see Eq. (13)) and that p(d)
(given by Eq. (8)) is an even function,P+(D) (see Eq. (15)) is also an
even function, invariant under the transformation:
ðDm;D011Þ ! ðDm;D011Þ. Thus, P+(D) needs to be estimated only
for the cases when (Dm P 0 and D
0
11 > 0) and (Dm P 0 and
D011 < 0), the stresses at yielding corresponding to all the other
strain paths being subsequently obtained by symmetry. Moreover,
the approximate yield criterion (16) associated to P+(D) has all the
remarkable symmetry properties (12) of the exact yield criterion,
which is associated to the exact potential P(D).
In the following, we will present in detail the calculations that
lead to the parametric representation of the macroscopic yield sur-
face of the porous aggregate corresponding to Dm P 0 and D
0
11 > 0.
To calculate the local plastic dissipation p(d) (see Eq. (8)), we need
to determine the signs of the principal values dI, dII, dIII given by Eq.
(17). Since dI ¼ D011 þ Dmðb=rÞ3 with Dm P 0 and D011 > 0, it follows
that everywhere in the RVE: dI is positive, so dIII is negative (see Eq.
(17)3). Analysis of the sign of dII is presented in Appendix A. It is
also shown that dII can be considered to be positive everywhere
in the RVE. Thus, the local plastic dissipation is of the following
form:
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Let denote by
u ¼ 2jDmj
De
; ð19Þ
the absolute value of the strain rate-triaxiality. Further substitution
of Eq. (17) into Eq. (18) leads to the following expression of the
overall plastic dissipation,
PþðDÞ¼ 1
V
Z
X
pðdÞdX
PþðDÞ¼ 3rTDe
16pb3
Z
X
1þuðb=rÞ3þ3
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þu2ðb=rÞ6þ2uðb=rÞ3 cosð2hÞ
q
dX;
ð20Þ
Using the above formula, the macroscopic stresses at yielding
are obtained by derivation. It can be easily shown that
ð@Pþ=@D11Þ > ð@Pþ=@D33Þ and @Pþ=@Dm > 0. Hence, the stress
state at yielding is such that R11 > R33; so J
R
3 < 0 and Rm > 0. For
all the other loading conditions, the analysis can be done in a sim-
ilar manner. For further details and explicit derivations, the reader
is referred to Appendix B.
Thus, for any absolute value of the strain-rate triaxiality,
u ¼ 2jDm jDe , the parametric representation of the yield surface of the
porous solid is:
(a) For stress states such that Rm P 0 and J
R
3 6 0 :
(a1) For u < f:Rm
rT
¼ 1f12uþ 124
16u
ﬃﬃﬃ
uf
p
þ6ufþf 2þ9u2
u
ﬃﬃﬃ
uf
p ln
ﬃﬃ
u
p þ
ﬃﬃ
f
pﬃﬃ
f
p
 ﬃﬃup
 
 124 6uþ16u
3=2þ1þ9u2
u3=2 ln
ﬃﬃ
u
p þ1
1 ﬃﬃup 
þ43 ln
ﬃﬃ
f
p
 ﬃﬃupﬃﬃ
f
p
ð1 ﬃﬃup Þ
 
Re
rT
¼18 5ðf 1Þþ 32 u
22ufþf 2ﬃﬃﬃ
uf
p ln
ﬃﬃ
u
p þ
ﬃﬃ
f
pﬃﬃ
f
p
 ﬃﬃup
 
 32 ðu
22uþ1Þﬃﬃ
u
p ln
ﬃﬃ
u
p þ1
1 ﬃﬃup 
 
8>>>><
>>>>:
:
ð21aÞ
(a2) For f < u < 1:
Rm
rT
¼ 1f12uþ 124
16u
ﬃﬃﬃ
uf
p
þ6ufþf 2þ9u2
u
ﬃﬃﬃ
uf
p ln
ﬃﬃ
u
p þ
ﬃﬃ
f
pﬃﬃ
u
p 
ﬃﬃ
f
p
 
 124 6uþ16u
3=2þ1þ9u2
u3=2 ln
ﬃﬃ
u
p þ1
1 ﬃﬃup 
þ43 ln
ﬃﬃ
u
p 
ﬃﬃ
f
pﬃﬃ
f
p
ð1 ﬃﬃup Þ
 
Re
rT
¼18 5ðf 1Þþ 32 u
22fuþf 2ﬃﬃﬃ
uf
p ln
ﬃﬃ
u
p þ
ﬃﬃ
f
pﬃﬃ
u
p 
ﬃﬃ
f
p
 
 32 u
22uþ1ﬃﬃ
u
p ln 1þ
ﬃﬃ
u
p
1 ﬃﬃup 
 
8>>>><
>>>>:
:
ð21bÞ
(a3) For uP 1:
Rm
rT
¼ 1f12uþ 124
16u
ﬃﬃﬃ
uf
p
þ6ufþf 2þ9u2
u
ﬃﬃﬃ
uf
p ln
ﬃﬃ
u
p þ
ﬃﬃ
f
pﬃﬃ
u
p 
ﬃﬃ
f
p
 
 124 6uþ16u
3=2þ1þ9u2
u3=2 ln
ﬃﬃ
u
p þ1ﬃﬃ
u
p 1
 
þ43 ln
ﬃﬃ
u
p 
ﬃﬃ
f
pﬃﬃ
f
p
ð ﬃﬃup 1Þ
 
Re
rT
¼18 5ðf 1Þþ 32 u
22fuþf 2ﬃﬃﬃ
uf
p ln
ﬃﬃ
u
p þ
ﬃﬃ
f
pﬃﬃ
u
p 
ﬃﬃ
f
p
 
 32 u
22uþ1ﬃﬃ
u
p ln 1þ
ﬃﬃ
u
pﬃﬃ
u
p 1
  
8>>>>>><
>>>>>>:
:
ð21cÞ
(b) For stress states such that Rm P 0 and J
R
3 P 0 :
(b1) For u 6 f :Rm
rT
¼ 1f12uþ 124 ð9u
26fuþf 2Þ
u
ﬃﬃﬃ
uf
p arctan 2
ﬃﬃﬃ
uf
p
fu
 
 124 ð9u
26uþ1Þ
u3=2 arctan
2
ﬃﬃ
u
p
1u
 
þ 23 ln f uþ1uþf
 
Re
rT
¼18 5ðf 1Þþ 32 u
2þ2ufþf 2ﬃﬃﬃ
uf
p arctan 2
ﬃﬃﬃ
uf
p
fu
 
 32 u
2þ2uþ1ﬃﬃ
u
p arctan 2
ﬃﬃ
u
p
1u
  
8>><
>>>:
:
ð21dÞ
(b2) For f < u < 1Rm
rT
¼ 1þf12uþ 124 9u
26ufþf 2
u
ﬃﬃﬃ
uf
p arcsin 2
ﬃﬃﬃ
uf
p
uþf
 
 124 ð9u
26uþ1Þ
u3=2 arctan
2
ﬃﬃ
u
p
1u
 
þ23 ln ðuþf Þðuþ1Þf
 
16lnð2Þ2
Re
rT
¼18 10u5ðf þ1Þþ 32 ðu
2þ2ufþf 2Þﬃﬃﬃ
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Based on the symmetry property (12) of the yield locus, demon-
strated earlier, the parametric representation of the yield locus cor-
responding to stress states such that Rm 6 0; JR3 P 0 can be easily
obtained from Eq. (21a)–(21f).
Thus,
(c) For stress states such that Rm 6 0 and JR3 P 0:
Rm
rT
¼  RmrT jJ
R
3 6 0; Rm P 0
Re
rT
¼ RerT jJ
R
3 6 0; Rm P 0
8<
: ; ð21gÞ
the right-hand expressions of Eq. (21g) being given by the cor-
responding Eqs. (21a)–(21c), respectively.
(d) For Rm 6 0 and JR3 6 0:
Rm
rT
¼ RmrT
JR3 P 0; Rm P 0
Re
rT
¼ RerT
JR3 P 0; Rm P 0
8><
>: ; ð21hÞ
where the right-hand side expressions of Eq. (21h) are given by
the corresponding Eq. (21d)–(21f).
It is worth noting that the yield surface of the porous aggregate
is smooth. In particular, there are no singularities for hydrostatic
states. Indeed, by taking the limit when u!1 of Eq. (21c) we
obtain:
lim
JR
3
!0
JR
3
60
ðRmÞ ¼ 23rT ln f and limJR
3
!0
JR
3
60
ðReÞ ¼ 0;
while by taking the limit when u!1 of Eq. (21f) we obtain:
lim
JR
3
!0
JR
3
P0
ðRmÞ ¼ 23rT ln f and limJR
3
!0
JR
3
P0
ðReÞ ¼ 0:
It follows that:
lim
JR
3
!0
JR
3
60
ðRmÞ ¼ lim
JR
3
!0
JR
3
P0
ðRmÞ ¼ 23rT ln f and limJR
3
!0
JR
3
60
ðReÞ ¼ lim
JR
3
!0
JR
3
P0
ðReÞ ¼ 0:
ð22Þ
In other words, there exists a yield limit of the porous aggregate
under tensile hydrostatic loading Rm > 0 and J
R
3 ¼ 0Þ, this yield
limit being Rm ¼  23rT ln f . Similarly, using Eqs. (21g) and (21h),
it can be easily shown that according to the new criterion under
compressive hydrostatic loading yielding occurs at Rm = 23rT ln f .
Thus, due to the presence of voids, the material yields under purely
hydrostatic loading (i.e. the yield locus of the porous solid is
closed). A direct consequence of the yield function of the porous
aggregate being an even function is that under purely deviatoric
axisymmetric loadings yielding occurs at the same value of the ap-
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the third invariant of the stress deviator. Alternatively, this prop-
erty can be easily veriﬁed by taking u ! 0 in Eq. (21a)
lim
u!0
JR
3
60
ðRmÞ ¼ 0 and lim
u!0
JR
3
60
ðReÞ ¼ rTð1 f Þ;
while by taking the limit when u ! 0 in Eq. (21d) we obtain:
lim
u!0
JR
3
P0
ðRmÞ ¼ 0 and lim
u!0
JR
3
P0
ðReÞ ¼ rTð1 f Þ: ð23ÞFig. 1. Representation in the (Re/rT,Rm/rT) plane of the yield surface (Eq. (21)) of
the porous solid for axisymmetric stress states and porosity f = 0.04: (a) JR3 6 0; (b)
JR3 P 0. Note the centro-symmetry of the yield locus: the points A and D, which have
the same absolute value of the stress triaxiality, are symmetric with respect to the
origin; the same holds true for the points C and B.2.3. Key feature of the new yield surface for a porous solid with Tresca
matrix coupling between mean stress and the third invariant of the
stress deviator
To illustrate the key features of the new criterion, in what fol-
lows we present plots of the yield surface corresponding to axi-
symmetric stress states. Since the criterion depends on the third
invariant of the stress deviator, in the plane (Rm/rT,Re/rT) the yield
locus is represented by two curves, one corresponds to axisymmet-
ric stress states for which JR3 6 0 while the other corresponds to
axisymmetric stress states for which JR3 P 0; these two curves
coincide only for purely deviatoric and purely hydrostatic stress
states, respectively (see Eq. (22), (23)).
Indeed, for axisymmetric loading the Cauchy stress is:
R ¼ R11ðe1  e1 þ e2  e2Þ þ R33ðe3  e3Þ; so the von Mises equiva-
lent stress reduces to: Re ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
3
2R
0
ijR
0
ij
q
¼ jR11  R33j, the mean stress
is Rm ¼ ð2R11 þ R33Þ=3, and the third invariant of the stress devia-
tor is: JR3 ¼ 2ðR11  R33Þ3=27. It follows that: for axisymmetric
stress states such that the axial stress is smaller than the lateral
stress, i.e. R33 6 R11 ¼ R22 we have: JR3 6 0; while for axisymmetric
stress states for which the axial stress is larger than the lateral
stress, i.e. R11 ¼ R22 6 R33, we have JR3 P 0. As an example, on
Fig. 1(a) is shown the representation in the plane (Rm/rT, Re/rT)
of the yield locus for axisymmetric loading such that
R33 6 R11 ¼ R22 ðJR3 6 0Þ (Eqs. (21a)–(21c) and Eq. (21h)) while
on Fig. 1(b) is represented the yield locus corresponding to axisym-
metric stress states for which JR3 P 0 (Eq.(21d), (21e), (21f) and Eq.
(21g)) for a porous metallic material characterized by a porosity,
f = 4%. Clearly, for stress triaxialities XR ¼ ðRm=ReÞ different from
0 and ±1, yielding depends on the sign of the hydrostatic pressure,
Rm. Irrespective of the sign of J
R
3 ; the yield locus is not symmetric
with respect to the axis Rm = 0. Furthermore, a yield point corre-
sponding to a given stress-triaxiality XR is symmetric, with respect
to the axis Rm = 0, to the point on the other yield curve (J
R
3 6 0) cor-
responding to XR. For example, the yield point A (Rm/rT = 2.361,
Re/rT = 0.439) (see Fig. 1(a)) has the same absolute value of the
stress-triaxiality as the yield point D (Rm/rT = 2.361, Re/
rT = 0.439). This is a direct consequence of the property (12). In
other words, the yield locus is centro-symmetric, i.e. it is invariant
to the transformation:
ðRm;Re; JR3 Þ ! ðRm;Re;JR3 Þ
or
ðRm;R0Þ ! ðRm;R0Þ:
Note also that for any given absolute value of the strain rate-tri-
axiality u ¼ 2jDmj=De, there are two distinct yield points on the sur-
face. For example, the yield points A and B on Fig. 1(a) correspond
to the same value of u = 0.659, yet have different stress-triaxialities
(see also the yield points C and D on Fig. 1(b)).
To better illustrate this very speciﬁc dependence with the signs
of the mean stress, Rm, and the third invariant revealed by the newcriterion, on Fig. 2 is shown the representation in the plane (Rm/rT,
Re/rT) of the yield surface corresponding to all possible axisym-
metric stress states for a porous material (f = 4%). Note that accord-
ing to the new criterion, for tensile loading (Rm P 0) the response
for axisymmetric loading conditions such that JR3 P 0 is softer than
that for axisymmetric loading conditions corresponding to JR3 6 0
(yield curve corresponding to JR3 P 0 is below that corresponding
to JR3 6 0) while for Rm 6 0 the reverse occurs. For purely deviatoric
loading, the response is the same irrespective of the sign of JR3 , the
effect of JR3 becomes stronger with increasing stress-triaxiality.
Fig. 3 shows different zooms of the yield surface in the tensile
quadrant. Gurson’s (1977) yield surface is also represented for
the same porosity. While the upper bound character of Gurson’s
(1977) criterion for porous solids with Mises matrix is well docu-
mented in the literature (e.g. Leblond, 2003), it is interesting to
note that it is also an upper bound for the yield criterion of a por-
ous solid with Tresca matrix, the two criteria coinciding only for
purely hydrostatic (R11 = R22 = R33) or purely deviatoric loadings
(Rm = 0) (see also the discussion in Section 4). Note that according
to the new criterion, there is no JR3 inﬂuence for pure shear condi-
tions but there is an increasing inﬂuence of JR3 with increasing
stress-triaxiality (see also Fig. 3(a) and (b)); for stress states corre-
sponding to stress-triaxialities XR ¼ ðRm=ReÞ approaching inﬁnity
Fig. 2. Yield surface of the porous solid (f = 0.04) according to proposed criterion for axisymmetric stress states corresponding to JR3 6 0 and J
R
3 P 0. Note a very speciﬁc
dependence of yielding on the signs of the mean stress and the third invariant of the stress deviator, JR3 .
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and both yield curves coincide at the purely hydrostatic point
(JR3 = 0) (see Fig. 3c). Although the combined effects of the mean
stress and JR3 on yielding of the porous solid are not very strong,
even small differences in curvature inﬂuence the rate of void
growth. Indeed, according to the criterion the direction of the nor-
mal to the yield surface depends on the sign of JR3 , hence the plastic
ﬂow direction and the porosity evolution are also sensitive to its
sign.
For completeness, Fig. 4 shows the yield surface in the plane
((R11–R33) rT, Rm/rT) according to the new criterion for several
porosities f = 0.1%, 1%, 2% and 4%. All yield surfaces show the same
trends described above. Irrespective of the porosity, the intersec-
tion of the curves corresponding to JR3 P 0 (R11 6 R33) and J
R
3 6 0
(R11P R33) belongs to the axisRm = 0 (i.e. there are no discontinu-
ities by passing from states characterized by JR3 P 0 to states char-
acterized by JR3 6 0). Fig. 5 shows the representation in the plane
(R11 rT, R33/rT) of the yield surface corresponding to f = 0.1%, 1%,
2% and 4%, respectively in comparison with the matrix’s yield sur-
face (f = 0), i.e. Tresca yield surface and Gurson’s (1977). Note that
although the yield criterion for the fully dense material is repre-
sented by two straight lines (black solid curve), the criterion for
the porous material with Tresca matrix is continuously differentia-
ble. The presence of voids in the matrix results in closing of the
yield surface i.e. occurrence of yielding under purely hydrostatic
loading (stress states such that R11 = R22 =R33). It is worth noting
that for stress states in the quadrant (R11 = R22 > 0, R33 < 0) or
(R11 = R22 < 0, R33 > 0), the criterion for the porous aggregate coin-
cides with that of the matrix (f = 0) i.e. with Tresca yield criterion.
In conclusion, it was shown that for porous solids with homoge-
neous Tresca matrix and spherical voids, the dilatational response
displays a very speciﬁc dependence on the signs of the mean stress
and third invariant of the stress deviator. This coupling affects not
only the onset of the plastic ﬂow of the porous solid, but also void
evolution. Indeed, small changes in the direction of the normal to
the yield surface affects plastic ﬂow of the porous solid which in
turn leads to changes in the rate of the void growth.
In general, if the matrix material is governed by an yield func-
tion which is even in stresses (e.g. von Mises; Tresca), the yield lo-
cus of the porous solid ought to be centro-symmetric (see Cazacu
et al., 2013 and Eq. (21) of this paper, respectively). If the matrixmaterial obeys an yield function which is odd, the yield locus of
the porous solid lacks any symmetry (see Cazacu and Stewart,
2009; Lebensohn and Cazacu, 2012).3. Assessment of the proposed criterion by comparison with
results of axisymmetric FE cell calculations
3.1. Axisymmetric FE cell calculations
To derive the yield criterion given by Eq. (21), the analysis was
carried out using a single velocity ﬁeld (Eq. (14)). Thus, the crite-
rion (21) is an upper bound of the exact criterion for a material
with homogeneous matrix described by Tresca’s criterion (see also
Eq. (6)). However, for hydrostatic loadings this velocity ﬁeld is the
solution of the problem of a rigid-plastic hollow sphere, obeying
Tresca’s yield criterion, subjected to hydrostatic pressure. Thus,
yielding according to the criterion given by Eq. (21) coincides with
the exact solution. For other stress states, the main features of the
dilatational response predicted by the new criterion can be as-
sessed qualitatively by performing axisymmetric ﬁnite-element
cell calculations (e.g. Keravalarma et al., 2011 who reported
numerical yield surfaces for von Mises and Hill matrices). All calcu-
lations were run assuming that the matrix behavior is elastic–ideal
plastic, governed by Tresca’s criterion (Eq. (3)) and associated ﬂow
rule. The porous solid was considered to consist of a periodic
assemblage of hexagonal cylindrical unit cells, which are approxi-
mated by right circular cylinders (same RVE as considered by Kop-
lik and Needleman (1988); see also Fig. 6). All the simulations
presented were carried out using the FE code ABAQUS (Abaqus,
2011) using an axisymmetric unit cell consisting of 1080 axisym-
metric quadrilateral 4-node elements with reduced integration,
ABAQUS CAX4R (see Fig. 7). Every cell of initial length L0 and radius
R0 contains a spherical void of initial radius a0. The void is consid-
ered to be traction free. The macroscopic stress, R, is axisymmetric
such that R11 ¼ R22 ¼ F1=2pRL and R33 ¼ F3=pR2, where F1 is the
total radial force at x1 = R and F3 is the total axial force at x3 = L/
2, R and L denoting the current radius and height, respectively.
The forces F1 and F3 are prescribed (load control) such that a con-
stant stress triaxiality XR ¼ Rm=Re ¼ ð2R11 þ R33Þ=3jR11  R33j is
maintained throughout the calculations. As already mentioned, be-
Fig. 3. Zoom on the tensile quadrant of the yield surface according to Gurson (1977)
criterion (f = 0.04) in comparison with the new yield surface (Eq. (21)) for the same
porosity and axisymmetric stress states corresponding to JR3 6 0 and J
R
3 P 0,
respectively, within following ranges: (a) low stress triaxialities (0 < Rm/rT, <0.8;
0.85 <Re/rT < (1  f)); (b) intermediate triaxialities (1.4 < Re/rT < 1.8, 0.4 < Re/
rT < 0.86): (c) high stress triaxialities (1.8 <Rm/rT, <2.2; 0 < Re/rT < 0.7).
Fig. 4. Yield surface of the porous solid according to the proposed criterion (21) for
JR3 P 0 and J
R
3 6 0 plotted in the plane ((R11–R33)/rT, Rm/rT); for porosity f = 0.001,
f = 0.01, f = 0.02, and f = 0.04, respectively.
Fig. 5. Comparison of the new yield surface (21) and Gurson’s (1977) (interrupted
lines) plotted in the plane (R11/rT, R33/rT) for four different initial porosities
f = 0.001, f = 0.01, f = 0.02, and f = 0.04 in comparison with the matrix yield criterion
(f = 0).
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JR3 ¼ 2ðR11  R33Þ3=27; so only the effect of the sign of the third
invariant, JR3 , can be investigated.
The material response is considered to be elastic/perfectly plas-
tic. The elastic properties are: E/rT = 800 and m = 0.32, where E de-
notes the Young’s Modulus and m is the Poisson’s ratio. Yielding isconsidered to be governed by Tresca’s yield condition (see Eq. (1))
while plastic ﬂow is considered to be associated. Because in the
built-in Abaqus routine for elastic–plastic behavior governed by
Tresca yield condition, non-associated ﬂow rule is assumed (i.e.
plastic ﬂow is governed by von Mises criterion), a User Material
Subroutine (UMAT) was developed. In this routine, the normality
rule is used wherever the normal to Tresca’s yield surface is unam-
biguously deﬁned (i.e. everywhere except at the vertices). To de-
ﬁne the direction of the plastic strain rate at a vertex, we used
the approach proposed by Koiter (1953) and the fully-implicit
algorithm of de Souza Neto et al. (2009) (for further details on inte-
gration of elastic/plastic stress–strain laws with singular yield sur-
faces, see Hughes (1984) and also de Borst (1987)). Speciﬁcally,
Tresca multifaceted yield surface (Eq. (1)) is supposed to be made
of six smooth planes each deﬁned by an equation: uk = 0
(k = 1, . . . ,6). The elastic region is the intersection of regions de-
ﬁned by uk < 0, the stress being on the yield surface if at least
Fig. 6. Axisymmetric unit cell with a spherical void of initial radius a0.
Fig. 7. Mesh used in the ﬁnite-element calculations for f = 0.01 (quarter-section,
axisymmetric, 1080 quadrilateral 4-node elements).
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case when two of the uk vanish. The plastic ﬂow rule is deﬁned as:
Dp ¼
X6
k¼1
_kkN
k; ð24Þ
where Nk is the normal to the corresponding plane, uk = 0 of the
multifaceted Tresca yield surface and the _kk (k = 1, . . . ,6) being
non-negative scalars. Loading–unloading conditions are deﬁned
as: uk P 0; _kk P 0; and uk _kk ¼ 0, with no summation on the re-
peated index. Isotropy dictates three fold symmetry of the Tresca
yield surface so it is sufﬁcient to describe the ﬂow rule (24) only
for one sextant of the principal stress states, say for
r1 P r2 P r3. In this case, there are three possibilities, correspond-
ing to the three zones in the stress space into which the stress may
be directed:
(1) Normality rule applies on the plane: jr1  r3j ¼ rT , where
the Tresca yield function is differentiable, so:
Dp ¼ _kNI; NI ¼ e1  e1  e3  e3: ð25aÞ(2) Right corner: the direction of the rate of plastic strain is a
linear combination with non-negative coefﬁcients of the
normals to the two intersecting planes at this point, i.e.
Dp ¼ _k1NI þ _k2NII; ð25bÞ
where NI deﬁned by (25a) is the normal to the main plane
(jr1  r3j ¼ rT) while NII ¼ e1  e1  e2  e2 is the normal to the
plane of the yield surface: jr1  r2j ¼ rT , which is on the right of
the main plane.
(3) Left corner: the ﬂow rule.
Dp ¼ _k1NI þ _k3NIII; ð25cÞ
where NIII ¼ e2  e2  e3  e3 is the normal to the plane of the yield
surface (jr2  r3j ¼ rT) which is on the left of the main plane with
_ki P 0.3.2. Results
Comparison between the theoretical yield surfaces of the por-
ous solid according to the new criterion (21) and the numerical re-
sults for porosities ranging from f = 0.001 to f = 0.04 are shown in
Fig. 8. The numerical points correspond to prescribed loads such
that the stress triaxiality, XR, is ﬁxed. For either loading scenarios
(i.e. JR3 6 0 or J
R
3 P 0), the stress triaxialities XR range from ±0.25
to ±25. A total of 160 simulations were carried out. Note that the
unusual features of the dilatational response predicted by the
new criterion (Eq. (21)), namely the sensitivity to the sign of the
applied stress for triaxialities different from 0 and ±1 and the very
speciﬁc coupling between the mean stress and the third invariant
of the stress deviator are conﬁrmed by the numerical FE results.
Irrespective of the porosity level, f, the numerical yield surface is
no longer symmetric with respect to the axis Rm = 0; a given ﬁxed
value of the stress triaxiality XR corresponds to two different yield
points (characterized by the same absolute value of JR3 .). It is also
worth noting that for both tensile and compressive loadings, the
relative positions of the theoretical yield points for JR3 6 0 and
JR3 P 0 are also conﬁrmed by the FE results. Speciﬁcally, for tensile
axisymmetric loadings such that the axial stress is larger than the
lateral stress (JR3 P 0), the response is softer than in the case when
the applied stresses are such that the axial stress is smaller than
the lateral stress (JR3 6 0) (see Fig. 8(a)–(d)). Hence, the very spe-
ciﬁc coupling between mean stress and the third invariant for a
porous aggregate with Tresca matrix predicted by the analytic cri-
terion is conﬁrmed by the FE calculations.
Also it is clearly seen that the sensitivity of the dilatational re-
sponse to the third invariant of the stress deviator is strongly inﬂu-
enced by the level of porosity in the material, for a low porosity the
third invariant effects being less pronounced than in the case of a
larger porosity (e.g. compare Fig. 8a and d).
We should remark that the numerical FE points are inside the
corresponding theoretical yield surfaces. Note that the FE points
correspond to the solution of the governing equations for a peri-
odic elastic–plastic cylindrical unit cell containing a spherical void,
while the analytic yield surfaces were obtained from limit-analysis,
as an upper-bound estimate of the behavior of a rigid-plastic hol-
low sphere. Although the agreement between the numerical FE
predictions and the analytical results is not necessarily quantita-
tive (due to different assumptions involved in both approximations
to the problem of dilatational plasticity mentioned above), the
good qualitative agreement serves as a cross-validation of these
approaches. The key conclusion is that the main features of the
macroscopic response predicted by the new criterion are con-
ﬁrmed by the numerical calculations, namely the centro-symmetry
of the yield surface and the coupling between the signs of mean
stress and third-invariant.
Fig. 8. Comparison between ﬁnite element calculations and the analytical yield criterion (21) for an porous material with Tresca matrix and initial porosity: (a) f = 0.001, (b)
f = 0.01, (c) f = 0.02 and (d) f = 0.04.
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criteria
The most widely used plastic potential for isotropic porous sol-
ids containing randomly distributed spherical voids was proposed
by Gurson (1977). This yield criterion was derived by conducting
limit analysis on a hollow sphere made of an isotropic rigid-plastic
material obeying von Mises yield criterion. The trial velocity ﬁeld
used in the analysis is that deduced by Rice and Tracey (1969) (gi-
ven by Eq. (14)). A key assumption done by Gurson (1977) is:
(H1) In the expression of the local plastic dissipation associated
with the von Mises yield criterion, the ‘‘crossed term’’ DmD
0
11 can be
neglected.
Using this simplifying hypothesis, Gurson (1977) derived the
following approximate plastic potential for the porous aggregate:PGurson ¼ rT
V
Z
X
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
4D2m
b
r
 6
þ 4D0211
s
dV : ð26Þ
The macroscopic stresses associated with this potential are:
Rm
rT
¼ 1
3
@PGurson
@Dm
¼ 2
3
ln
uþ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
u2 þ f 2
p
uþ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃu2 þ 1p  1f
 !
; ð27aÞ
Re
rT
¼ @P
Gurson
@De

 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ u2
p

ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
u2 þ f 2
p
; ð27bÞ
where u ¼ 2jDm jDe is the strain-rate triaxiality and f is the porosity.
Equations (27) deﬁne Gurson’s (1977) yield locus in a parametric
form. Further, by eliminating the parameter u between Eqs. (27a)
and (27b), the expression of the yield surface becomes:
Fig. 9. Comparison between the yield surfaces for porous solids with von Mises
matrix according to Gurson (1977) and Cazacu et al. (2013) and the yield surface for
a porous Tresca solid according to the model developed (Eq. (21)): (a) axisymmetric
tensile loadings corresponding to JR3 P 0; (b) Axisymmetric tensile loadings
corresponding to JR3 6 0; (c) Representation in the plane ((R11–R33)/rT, Rm/rT) of
all surfaces for axisymmetric loadings at both positive and negative triaxialities.
Porosity f = 0.03.
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rT
 2
þ 2f cosh 3Rm
2rT
 
 1 f 2 ¼ 0; ð28Þ
(for more details, see Gurson (1975)). The insensitivity of Gur-
son’s criterion to the third invariant of the stress deviator (see
Eq. (28)) and the ensuing strong symmetry properties of the yield
surface (see Fig. 8 are direct consequences of the simplifying
hypothesis H1) (for further details, see Cazacu et al. 2013).
It is worth analyzing the implications of adopting the same sim-
plifying hypothesis when deriving the plastic potential of a porous
aggregate with matrix described by Tresca’s yield criterion. It can
be easily shown that irrespective of the loading scenario (i.e. the
respective signs of Dm and D
0
11), if we neglect the cross-term in
the expression of Tresca’s plastic dissipation pðdÞ (given by Eq.
(8)), the overall plastic dissipation reduces to:
PþþðDÞ ¼ 2rT
V
Z
X
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
D2m
b6
r6
þ D0211
s
dX: ð29Þ
Indeed, in the case when (Dm P 0 and D
0
11 > 0), the expression
of the overall plastic dissipation associated with Tresca’s yield cri-
terion is (see Eq. (20)):
PþðDÞ¼ 1
V
Z
X
pðdÞdX
¼ rT
2V
Z
X
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
D2m
b6
r6
þD0211þ2D011Dm
b3
r3
s
þ3
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
D2m
b6
r6
þ2D011Dm
b3
r3
cosð2hÞþD0211
s0
@
1
AdX:
ð30Þ
Note that if in the above equation the cross-term DmD
0
11 is ne-
glected, we obtain the expression (29). Most importantly, compar-
ison between the Eqs. (26) and (29) shows that:
PþþðDÞ ¼ PGurson:
It is thus clearly demonstrated that neglecting the cross-term
DmD
0
11 amounts to erasing the speciﬁcities of the plastic ﬂow of
the matrix, the resulting criterion for the porous aggregate being
the same whether the response is described by Tresca criterion,
which incorporates dependence on both the second and third
invariant of stress, or by von Mises which describes only the inﬂu-
ence of the second-invariant of stress. Moreover, the symmetry
requirements given by Eq. (12), that need to be satisﬁed by the
yield function of a porous solid with matrix described by Treca’s
criterion are violated. Furthermore, we have also demonstrated
that Gurson’s (1977) yield criterion is also an upper bound of the
yield criterion for porous solids with Tresca matrix (Eq. (21)),
developed in this work. It is also worth noting that the new crite-
rion coincides with Gurson’s (1977) only for purely hydrostatic or
purely deviatoric stress states. This is to be expected since, for the
respective stress states, the cross-term DmD
0
11 is zero, so the overall
plastic potential PþðDÞ (Eq. (21)) reduces to the upper bound
PþþðDÞ (Eq. (29)).
It also worth comparing the porous Tresca yield surface
according to the criterion developed in this work (Eq. (21)), the
yield surface for porous solids with von Mises matrix proposed
by Cazacu et al. (2013), and Gurson’s (1977) yield surface (see
Fig. 9 for porosity f = 0.03). Let us ﬁrst emphasize that in Cazacu
et al. (2013) and in the present development (Eq. (21)) no approx-
imations were made when calculating the overall plastic dissipa-
tion associated to Rice and Tracey (1969) velocity ﬁeld. Unlike in
Gurson (1977), the cross-term DmD
0
11 was not neglected and the
corresponding integrals were calculated in closed-form (exact re-
sults from a mathematical viewpoint). Thus, it has become possi-
ble to account for the speciﬁcities of the plastic deformation of
the matrix on the response of porous solids. Fig. 9 clearly illus-
trate the difference in response between the porous material with
matrix described by Tresca (Eq. (21)) and the predictions of Caz-acu et al. (2013) criterion for a porous solid with matrix obeying
the von Mises criterion. Another important outcome is that the
centro-symmetry of the yield surface induced by the presence
of voids can now be captured. Indeed, unlike Gurson (1977) yield
surface, both the porous Tresca yield surface and Cazacu et al.
(2013) surface are centro-symmetric i.e. yielding is invariant to
the transformation:
ðRm;Re; JR3 Þ ! ðRm;Re;JR3 Þ;
(see also Fig. 9(c)). In particular, both models capture the third-
invariant effects on yielding (see Fig. 9(a)–(b)). It is worth noting
that third-invariant effects are much stronger for a porous solid
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Furthermore, for stress triaxialities TR ¼ Rm=Re different from zero
or inﬁnity, the response of the porous Tresca material (Eq. (21)) is
softer than that according to Cazacu et al. (2013) criterion for a
porous solid with Von Mises matrix. While Gurson (1977) is an
upper bound for both criteria, the difference between the porous
Tresca yield surface and that of Gurson’s (1977) is stronger than
the difference between Cazacu et al. (2013) criterion and Gurson
(1977). Obviously, all criteria coincide for TR = 0 (i.e. purely devia-
toric loadings) when the yield limit is given by
Re ¼ jR11  R33j ¼ rTð1 f Þ or for TR =1 (i.e. purely hydrostatic
loadings) when the yield limit is Rm ¼ ð2rT=3Þ ln f . Note also that
the difference in the curvature of the yield surface of Cazacu et al.
(2013) (Mises matrix) and that of the developed criterion (see all
Fig. 9). This in turn, implies that the rate of void growth of the por-
ous solid depends strongly on the criterion that governs the plastic
behavior of the matrix, as was early on pointed out in the seminal
work of Rice and Tracey (1969).5. Summary and conclusions
An analytical yield criterion for porous metallic materials
with matrix described by Tresca’s yield criterion was developed
using a rigorous micromechanical analysis based on Hill–Mandel
lemma. This ensures that the criterion developed is an upper-
bound estimate of the exact plastic potential. Contrary to the
case when the matrix is governed by von Mises criterion, for
an incompressible matrix obeying Tresca criterion, the calcula-
tion of the local plastic dissipation is very challenging. This is
because the plastic response of the matrix depends on the sign
of each of the principal values of the local rate of deformation,
d (i.e. plastic ﬂow is depends on the third-invariant of the stress
deviator). However, it was shown that for axisymmetric macro-
scopic states all the integrals representing the overall plastic dis-
sipation can be calculated analytically (details are presented in
Appendices A and B) and a closed-form parametric representa-
tion of the yield surface of the porous aggregate was obtained
(see Eq. (21)). It is worth summarizing the key features of the
new criterion:
 Yielding is invariant only to the transformation:
ðRm;R0Þ ! ðRm;R0Þ, so the dilatational response of the porous
solids depends on the sign of mean stress, Rm (tension–com-
pression asymmetry).
 Yielding of the porous aggregate depends on the third invariant
of the stress deviator. Furthermore, according to the new crite-
rion (21), for tensile hydrostatic pressure (Rm P 0) the response
for axisymmetric stress states corresponding to JR3 P 0 is softer
than for axisymmetric stress states corresponding to JR3 6 0. For
purely deviatoric loadings, the response is the same, and the
effect of JR3 becomes noticeable with increasing triaxiality. For
triaxialities approaching inﬁnity, the effect of JR3 starts to
decrease, and both yield surfaces coincide at the purely hydro-
static point (see Fig. 3).
 The very speciﬁc coupling between the mean stress and the
third invariant of the stress deviator affects not only the onset
of the plastic ﬂow of the porous solid, but also void evolution.
Indeed, since void growth is proportional to the partial deriva-
tive of the plastic potential with respect to the mean stress, it
follows that according to the new criterion the rate of void
growth depends on the sign of the third-invariant of the stress
deviator.
 The new criterion reproduces the exact solution of a hollow
sphere obeying Tresca’s yield criterion and subjected to hydro-
static loading. Gurson (1977)’s criterion is an upper-bound of the new crite-
rion (21). The two criteria coincide only for purely deviatoric
axisymmetric loading or purely hydrostatic loading. Speciﬁ-
cally, for purely deviatoric loading, yielding occurs at
Re ¼ rTð1 f Þ, while for purely hydrostatic loadings, yielding
occurs at Rm ¼  23rT ln f .
The yield surface was obtained in parametric form (see Eq.
(21)). Nevertheless, this parametric form of the yield criterion
can be implemented as a material subroutine in commercial FE
codes and used to perform numerical studies of damage evolution
and fracture in voided polycrstals subject to axisymmetric stress
states.
Furthermore, it was shown that if in the derivation of the over-
all plastic potential for a material with Tresca matrix, the same
restricting hypothesis introduced by Gurson (1977) (neglecting
the cross-term DmD
0
11) is considered, the resulting criterion is iden-
tical with Gurson (1977). In other words, neglecting the cross-term
DmD
0
11 amounts to erasing the speciﬁcities of the plastic ﬂow of the
matrix, the resulting criterion for the porous solid being the same
irrespective whether the response is described by Tresca or von
Mises criterion. However, it was shown that analytical expressions
can be obtained without this assumption of vanishing contribution
of the cross-term (see Cazacu et al. (2013)). Furthermore, compar-
ison between Cazacu et al. (2013) criterion for a porous solid with
von Mises matrix and the criterion developed in this work (Fig. 9)
shows that if the matrix plastic response is governed by Tresca
yield criterion, the overall response is softer, the combined effects
of pressure and the third-invariant on yielding being much stron-
ger than in a porous solid with von Mises matrix. An important
outcome is that the coupled effects of mean stress and third-invari-
ant are captured by Cazacu et al. (2013) model and the model for
porous Tresca solid developed in this paper (Eq. (21)).
The derivation of the new yield criterion (21) was obtained
using a unique trial velocity ﬁeld. The unusual trends predicted
by the new criterion, namely the very speciﬁc coupling between
the mean stress and the third-invariant of the stress deviator were
also conﬁrmed by FE cell calculations. Indeed, the numerical calcu-
lations also show that for stress-triaxialities different from 0 and
±1, the response of the porous solid depends on the third invariant
while for either purely deviatoric or purely hydrostatic loadings
the response is the same. Thus, both the limit-analysis based ap-
proach and FE cell calculations in which the fully-dense material
is considered elastic–perfect plastic reveal the same new trends,
namely: a very speciﬁc coupling between the third invariant and
mean stress. This coupling and the resulting centro-symmetry of
the yield surface deserve further systematic experimental and
numerical investigations. Moreover, further experimental, theoret-
ical, and computational studies need to be carried out to assess the
smoothness of the yield surface of porous solids with Tresca matrix
for general three-dimensional stress states.Appendix A. Expression of the local plastic potential
To determine the expression of the local plastic dissipation
associated with Tresca’s yield function for axisymmetric states,
we need to determine the sign of the principal values of the local
strain rate tensor, d. Using the symmetry properties of Eq. (12), it
follows that it is sufﬁcient to consider separately only the cases
(i) Dm P 0 and D
0
11 > 0, and (ii) Dm P 0 and D
0
11 < 0. In the follow-
ing, we present in detail the lengthy but otherwise straightforward
calculations for Case (i), the other case can be treated in a similar
manner but is not presented in detail in this paper.
Case i: Dm P 0 and D
0
11 > 0.
Fig. A1. Relative error between the macroscopic plastic dissipation estimated
numerically, PnumðDÞ and the approximate macroscopic plastic dissipation PþðDÞ
as a function of the strain triaxiality u ¼ 2jDmj=De for a porosity f = 0.001.
872 O. Cazacu et al. / International Journal of Solids and Structures 51 (2014) 861–874For (Dm P 0 and D
0
11 > 0), it follows that everywhere in the RVE:
dI is positive, so dIII is negative (see the expressions of the principal
values given by Eq. (17)). Thus, the local plastic dissipation (see Eq.
(8)) is:
dII > 0! pðdÞ ¼ rT2 ðdI þ dII  dIIIÞ ¼ rTdIII;
dII < 0! pðdÞ ¼ rT2 ðdI  dII  dIIIÞ ¼ rTdI:
ðA:1Þ
Let analyze the sign of dII. Let denote c ¼ DmD011
b
r
 	3 ¼ u br 	3. Using
this notation, the expression of dII (see Eq. (17)) can be rewritten
as:
dII ¼ 12D
0
11ð1þ cÞ þ
3
2
D011
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ c2 þ 2c cos 2h
q
: ðA:2Þ
Note that dII is positive, if and only if
Eðc; hÞ ¼ 4c2 þ cð9 cosð2hÞ  1Þ þ 4 > 0:
The equation Eðc; hÞ = 0 is a second-order algebraic equation in
c, with discriminant D depending only on h, i.e.:
DðhÞ ¼ 9ðcosð2hÞ  1Þð9 cosð2hÞ þ 7Þ: ðA:3Þ
Thus,
For DðhÞ 6 0: Eðc; hÞ > 0 for any c and h, i.e. dII is positive every-
where in the RVE.
For DðhÞ > 0 : Eðc; hÞ > 0; if c 2 ð1; c1Þ [ ðc2;1Þ
Eðc; hÞ < 0 if c 2 ðc1; c2Þ


:
where c1;2 ¼ ð1 9 cosð2hÞ 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
DðhÞp Þ=8.
On the other hand, DðhÞ 6 0 if h 2 ð0; h1Þ [ ðp h1; 1800Þ; where
h1 is the solution in the interval ð0;p=2Þ of the equation:
cosð2hÞ ¼ 7=9 (i.e. h1 = arccos(7/9) 	 2 p/5); DðhÞP 0 only for
h 2 ½h1;p h1. Finally, the conclusion about sign of dII is the
following:
 dII > 0 everywhere on the RVE, with the exception of a small
subdomain deﬁned by:h 2 ½h1;p h1 and r 2 ½bf 1=3; b \ bðu=c2Þ1=3; bðu=c1Þ1=3
h i
: ðA:4Þ
Note also that for h 2 ½h1;p h1, 1/2 < c1 < 1 and 1 < c2 < 2, the
subdomain depends on u ¼ 2jDm jDe and f. However, it may be assumed
that dII > 0 is positive everywhere in the domain, so the expression
of the local dissipation is: pðdÞ ¼ rT2 dI þ dII  dIIIð Þ ¼ rTdIII. The
validity of this approximation is assessed by comparing the effec-
tive plastic dissipation estimated numerically, PnumðDÞ with the
effective plastic dissipation PþðDÞ calculated analytically using
the above approximation. As an example, Fig. A.1 shows the rela-
tive error, deﬁned as
DP ¼ P
numðDÞ PþðDÞ
PnumðDÞ ;
as a function of u ¼ 2jDm jDe (imposed uniform strain rate boundary
conditions) for a volume fraction f = 0.001. Note that the approxi-
mation is quite good, there are differences between PnumðDÞ and
the analytical PþðDÞ only for u < 1.6, the maximum relative error
being of 0. 73%. In Table 1 is shown the maximum relative error
for different porosities f ranging from 0.0001 to 0.05. Although
the maximum relative error increases with increasing porosity,
the range of strain rate triaxiality u where there exist differences
between the numerical and analytical effective dissipation is
decreasing (the peak on Fig. A1 narrows with increasing porosity).
Thus, it appears that the approximation done is very reasonable.Appendix B. Calculation of the overall rate of plastic dissipation
Case i: Dm P 0 and D
0
11 > 0.
For (Dm P 0 and D
0
11 > 0), the overall plastic dissipation of the
porous solid is:
PþðDÞ ¼ rTDe
4V
Z
X
ub3
r3
þ 1
 !
þ 3
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
u2b6
r6
þ 2ub
3
r3
cosð2hÞ þ 1
s0
@
1
AdX
ðB:1Þ
with u ¼ 2 jDm jDe ; V ¼ 4pb
3
=3 and dV ¼ r2 sin hdhdudr. Using the
change of variable, y ¼ ub3r3 , the integral (B.1) can be written in the
form:
PþðDÞ ¼ rTDeu
8
Z u=f
u
Z p
0
ðyþ 1Þ þ 3
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
y2 þ 2y cosð2hÞ þ 1
q   dy
y2
sin h dh:
ðB:2Þ
Note that:Z p
0
ð1þ yÞ þ 3
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
y2 þ 2y cosð2hÞ þ 1
q  sin h
y2
dh
¼ 5 ð1þ yÞ
y2
dyþ 3
2
ðy 1Þ2
4y5=2
ln
ﬃﬃﬃ
y
p þ 1
j ﬃﬃﬃyp  1j
 
: ðB:3Þ
Further integration with respect to y leads to:
PþðDÞ ¼ rTDeu F1 u=fð Þ  F1ðuÞð Þ=8; 8u < f
PþðDÞ ¼ rTDeu F2 u=fð Þ  F1ðuÞð Þ=8; 8f < u < 1
PþðDÞ ¼ rTDeu F2 u=fð Þ  F2ðuÞð Þ=8; 8u > 1
8><
>: ðB:4Þ
with:
F1ðyÞ¼116lnð2Þ6yþ
ð3y2þ8y3=2þ6y1Þ
y3=2
ln
ﬃﬃﬃ
y
p þ1
1 ﬃﬃﬃyp
 
þ16lnð1 ﬃﬃﬃyp Þ;
F2ðyÞ¼116lnð2Þ6yþ
ð3y2þ8y3=2þ6y1Þ
y3=2
ln
ﬃﬃﬃ
y
p þ1ﬃﬃﬃ
y
p 1
 
þ16lnð ﬃﬃﬃyp 1Þ:
ðB:5Þ
It follows that the parametric representation of the yield surface
is:
Rm
rT
¼ 13 @P
þ
@Dm
¼ 112 Fi uf
 
 FiðuÞ þ u 1f F 0i uf
 
 F 0iðuÞ
  
Re
rT
¼ @PþðDÞ
@De
¼  rTu28 1f F 0i uf
 
 F 0iðuÞ
  ðB:6Þ
where the prime symbol indicates ﬁrst derivative. Substitution of
(B.5) into (B.6) leads to Eqs. (22a)-(22c). Note that this case, corre-
sponds to stress states for which Rm P 0 and J
R
3 6 0 and
Rm 6 0 and JR3 P 0.
Table 1
Maximum relative error, DP, between numerical and analytical effective plastic dissipation for different porosities f.
Void volume fraction 0.0001 0.0005 0.001 0.005 0.01 0.05
Maximum of the relative error DP 0.0055 0.0066 0.0073 0.0094 0.010 0.016
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0
11 < 0.
For (Dm P 0 and D
0
11 < 0), the overall plastic dissipation of the
porous solid is:
PþðDÞ¼rTDe
4V
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ðB:7Þ
with V ¼ 4pb33 and dV ¼ r2 sin hdhdudr. Using the change of vari-
able, y ¼ ub3r3 , the integral (B.7) can be written in the form:
y>1; PþðDÞ¼rTDeu
8
Z u=f
u
Z p
0
ðy1Þþ3
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y<1; PþðDÞ¼rTDeu
8
Z u=f
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sinhdh:
ðB:8Þ
Integration with respect to h leads to:
y>1; PþðDÞ¼rTDeu
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Z u=f
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dy;
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dy:
ðB:9Þ
Further integration with respect to y leads to:
PþðDÞ ¼ rTDeuðG1 u=fð Þ  G1ðuÞÞ=8; 8u < f
PþðDÞ ¼ rTDeu G2 u=fð Þ  G1ðuÞ  12 16 lnð2Þð Þ=8; 8f < u < 1
PþðDÞ ¼ rTDeu G2 u=fð Þ  G2ðuÞð Þ=8; 8u > 1;
8><
>:
ðB:10Þ
with:
G1ðyÞ ¼ 6y  arctan
2
ﬃﬃﬃ
y
p
y 1
  ð3y2  6y 1Þ
y3=2
 8 lnðyþ 1Þ;
G2ðyÞ ¼ 6y þ
ð3y2  6y 1Þ
y3=2
arcsin
2
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y
p
yþ 1
 
þ 8 lnðyþ 1Þ:
ðB:11Þ
Further derivation leads to Eq. (21d)–(21f), which correspond to
the parametric representation of the yield surface for stress states
such that Rm P 0 and J
R
3 P 0 and Rm 6 0 and J
R
3 6 0.
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